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1. Results
1.1. Let G be a locally compact Hausdorff unimodular group and K ⊂ G a compact sub-
group. Let π be a irreducible unitary representation of G whose restriction to K contains an
irreducible unitary representation δ of K with finite multiplicity. Then δ-isotypic compo-
nent Hπ(δ) in the representation space Hπ of π is a finite dimensional vector space. Let π∨
be the contragradient representation of π , and take a C-basis {v1, . . . , vn} and {α1, . . . , αn}
of Hπ(δ) and Hπ∨(δ∨) respectively such that 〈vi, αj 〉 = δij . Then the spherical trace
function Ψπ,δ of π with respect to the K-type δ is a continuous function on G defined by
Ψπ,δ(g) =
n∑
i=1
〈π(g)vi , αi〉 (g ∈ G)
It is known ([2, Chap.VII,§3, Theorem 18]) that the function Ψπ,δ characterizes the ir-
reducible unitary representation π , that is, if π ′ is an irreducible unitary representation
whose restriction to K contains the irreducible representation δ with finite multiplicity and
Ψπ,δ = Ψπ ′,δ , then π and π ′ are unitarily isomorphic representations of G.
1.2. Let us consider the case where G is a connected semi-simple real Lie group of finite
center and K is a maximal-compact subgroup of G. We assume also that the coset space
D = G/K has a G-invariant complex structure. In this case G has a special class of square-
integrable irreducible representation which is called the holomorphic discrete series. Let π
be an holomorphic discrete series representation of G and δ be the minimal K-type of π
whose multiplicity in π |K is known to be one. Now let us consider the Fourier transform
of the spherical function Ψπ,δ .
Let P be the parabolic subgroup of G which fixes a boundary component of D. The
boundary components of D and corresponding parabolic subgroups are described as fol-
lows. Let g and k be the Lie algebras of G and K respectively and g = k ⊕ p be the Cartan
decomposition where p is identified with the tangent space of complex domain D at the ori-
gin o = 1˙ ∈ D = G/K . Then there exists an element H0 of the center of k whose adjoint
action on p gives its complex structure. For the sake of simplicity, let us suppose that the
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semi-simple real Lie algebra g is simple and non-compact. Then, as described in [6], the
boundary component of D corresponds bijectively to the homomorphism κ of sl2(R) to g
such that
κ ◦ ad
(
1
2
[
0 1
−1 0
])
= ad(H0) ◦ κ .
Then the Lie algebra of the parabolic subgroup which fixes the boundary component cor-
responding to κ is given by
⊕2
k=0 gk where
gk = {X ∈ g | ad(Xκ)X = k}
with Xκ = κ
[
1 0
0 −1
]
. Furthermore g0 is the Levi part and g2 is the center of the
nilpotent part
⊕
k>0 gk . Define a function fπ,δ on g−2, which is the opposite of g2, by
fπ,δ(Y ) = Ψπ,δ(exp Y ). Then, by means of the estimation of matrix coefficients of the
square-integrable representations given by Harish-Chandra, the function fπ,δ is an element
of L1(g−2) ∩ L2(g−2). So we will consider its Fourier transform
f̂π,δ(X) =
∫
g−2
fπ,δ(Y )e
−2π√−1〈X,Y 〉dY
(X ∈ g2). Here 〈X,Y 〉 = Bg(X, Y ) is a non-degenerate R-bilinear form on g2 × g−2
defined by the Killing form Bg of g. We can determine the non-zero set
Ω = {X ∈ g2 | f̂π,δ(X) = 0}
of f̂π,δ as follows. The real vector space V = g2 is a formally real Jordan algebra with
respect to the multiplication X · Y = 12 [[X, e−κ ], Y ] with e−κ = κ
[
0 0
1 0
]
. Then the non-
zero set Ω of f̂π,δ is the self-dual homogeneous open convex cone associated with the
formally real Jordan algebra V .
Let us consider the result under the light of the prehomogeneous vector space. Let L ⊂
Aut(gC) be the algebraic subgroup corresponding to the complex reductive Lie subalgebra
g0,C of gC. Then (L, Ad, VC) is a regular prehomogeneous vector space, and the convex
cone Ω is a connected component of the space of the real points of the Zariski open L-orbit
in VC. Here we find an interesting relation between the square-integrable representation and
the prehomogeneous vector space which is the foundation of the argument of [7] concerning
with the dimension formula of the space of the Siegel cusp forms.
1.3. Let us consider the algebraic group GLn defined over the field Q of rational numbers.
The symmetric domain associated with the identity component GL+n (R) of the group of the
real points on GLn is the space Sym+n (R) of the positive definite real symmetric matrices
with action (g, x) → gx tg . As described in [4, §11], the boundary component of such
a domain is defined by means of the theory of the Jordan triple system. In our case, the
boundary component of Sym+n (R) is{[
z 0
0 0
] ∣∣∣∣ z ∈ Sym+r (R)
}
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with 0 < r < n. The subgroup of GL+n (R) which fixes the boundary component is a
parabolic subgroup
{[
a b
0 d
]
∈ GL+n (R)
∣∣∣∣ a ∈ GL+r (R) etc.
}
,
and the associated prehomogeneous vector space is (GLr × GLn−r , ρ,Mr,n−r ) where
Mr,n−r is the space of matrices of size (r, n − r) and ρ(g, h)x = gxh−1 which is reg-
ular if and only if r = n − r . Unfortunately the real Lie group GL+n (R) does not have the
discrete series, except for the case of n = 2, but the p-adic Lie group GLn(F), with non-
archimedean local field F , has the supercuspidal representations which are unitarizable and
square-integrable modulo center. So let us consider the spherical function of supercuspidal
representations and determine the non-zero set of its Fourier transform.
1.4. Let F be a non-archimedean local field. The integer ring of F is denoted by OF
whose unique maximal ideal is denoted by p. The residue class field F = OF/p is a finite
field of q elements. Then G = GLN(F) is a locally compact Hausdorff unimodular group
and K = GLN(OF ) is a maximal compact subgroup of G. Let δ be an irreducible cuspidal
representation of the finite linear group GLN(F) which is identified with an irreducible
representation of K via reduction modulo p mapping K → GLN(F). Let χ : Z(G) →
C× be a continuous character such that χ(t) = δ(t) for all t ∈ Z(G) ∩ K , and define
a irreducible representation σ of H = Z(G)K by σ(tk) = χ(t) · δ(k) for t ∈ Z(G)
and k ∈ K . Then the compact induction π = indGH(σ) is an irreducible supercuspidal
representation of G whose restriction to K contains the K-type δ with multiplicity one. The
spherical trace function Ψπ,δ of π with respect to K-type δ is described by the following
proposition
PROPOSITION 1.4.1. For g ∈ G we have
Ψπ,δ(g) =
{
χ(t) · χδ(k) if g = tk ∈ H (t ∈ Z(G), k ∈ K) ,
0 otherwise
where χδ is the character of δ.
The proof of this proposition is given in subsection 3.1.
Let N = (l,m) be a composition of N , that is N = l + m with positive integers l,m,
and put
fπ,δ(X) = Ψπ,δ
([
1l X
0 1m
])
for X ∈ Ml,m(F ). The Fourier transform of fπ,δ is defined by
f̂π,δ(Y ) =
∫
Ml,m(F )
fπ,δ(X)τ(−tr(XY ))dX (Y ∈ Mm,l(F )) .
Here τ : F → C× is a non-trivial additive character and dX is a Haar measure on Ml,m(F ).
We can assume without loss of generality that τ |p is trivial and τ |OF is not trivial. We will
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also normalize the Haar measure dX so that∫
Ml,m(p)
dX = 1 .
Then Proposition 1.4.1 implies that f̂π,δ(Y ) = 0 only if Y ∈ Mm,l(OF ), and in this case
we have
f̂π,δ(Y ) =
∑
X˙∈Ml,m(F)
χδ
([
1l X˙
0 1m
])
· τ (−tr(XY ))
is a function of Y˙ = Y (mod p) ∈ Mm,l(F). On the other hand we have Ψπ,δ(kgk−1) =
Ψπ,δ(g) for all k ∈ K . So we have fπ,δ(g1Xg−12 ) = fπ,δ(X) for all g1 ∈ GLl(OF )
and g2 ∈ GLm(OF ) so that f̂π,δ is, as a function on Mm,l(F), invariant under the action
ρ(g, h)Y = gYh−1 of (g, h) ∈ GLm(F) × GLl(F) on Y ∈ Mm,l(F). Now the triple
(GLm × GLm, ρ,Mm,l ) is a prehomogeneous vector space over F, and the GLm(F) ×
GLl(F)-orbits are
Ωr = {X ∈ Mm,l(F) | rankX = r} (0 ≤ r ≤ Min{l,m}) .
We will consider the case of (GLm × GLl, ρ,Mm,l ) to be regular prehomogeneous vector
space, that is, the case of l = m = n and N = 2n. Our main result is
THEOREM 1.4.2. Except for finite number of q (which depends only on n), the
support of f̂π,δ on Mn(F) is
supp f̂π,δ =
n⋃
r=1
Ωr = Mn(F) \ {0} .
The proof of this theorem will be given in subsection 3.4.
1.5. Let q be a variable, and the q-binomial coefficient is defined to be
(
n
k
)
q
=
∏n
i=1(qi − 1)∏k
i=1(qi − 1)
∏n−k
i=1 (qi − 1)
for any integer 0 ≤ k ≤ n. It is a polynomial of q of degree k(n − k) with integer
coefficients. Its name comes from the formula
n−1∏
i=0
(1 + qiT ) =
n∑
k=0
(
n
k
)
q
qk(k−1)/2 · T k
and the fact
lim
q→1
(
n
k
)
q
=
(
n
k
)
= n!
k!(n − k)! .
En route the explicit calculation of the value f̂π,δ(Y ) (Y ∈ Mn(F)), we will obtain the
following summation formulas of q-binomial coefficients which the author believes to be
new:
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1) For integers 0 ≤ l,m ≤ n
Min{n,l+m}∑
k=Max{l,m}
q(n−k)(l+m−k)
(
n
k
)
q
(
l
k − m
)
q
(
m
k − l
)
q
(
l + m
k
)−1
q
=
(
n
l
)
q
(
n
m
)
q
(
l + m
l
)−1
q
. (1)
The proof is given in subsection 2.5.
2) For positive integers l,m
Min{l,m}∑
k=0
(−1)kqk(k−1)/2
(
l
k
)
q
(
m
k
)
q
(
l + m − 1
k
)−1
q
= 0 . (2)
The proof is given in the subsection 3.3
2. Character sums
2.1. Let F be a finite field of q elements and τ : F → C× a non-trivial additive character.
Let Ml,m(F) be the set of matrices of size (l,m) with entries in F and M(r)l,m(F) the subset
of Ml,m(F) consisting of the matrices of rank r . Put M(r)n (F) = M(r)n,n(F). The purpose of
this section is to prove the following proposition:
PROPOSITION 2.1.1.
∑
X∈M(l)n (F)
τ (tr
(
X
[
1m 0
0 0
])
)
= ql(l−1)/2
Min(l,n−m)∑
r=Max{0,l−m}
(−1)l−rq(l−r)(n−m−r)
r∏
i=1
(qi − 1)
×
(
n − l + r
n − l
)
q
(
n − m
r
)
q
(
m
l − r
)
q
.
We need several preparations and the proof of Proposition 2.1.1 is given in the subsec-
tion 2.6.
2.2. Let Gn = GLn(F) be the general linear group of rank n over the finite field F and
W its Weyl group which is identified with the symmetric group Sn of degree n. W is also
identified with the subgroup of Gn consisting of the permutation matrices corresponding to
the permutations in Sn. Let Pm be the parabolic subgroup of Gn consisting of the matrices[
a b
0 d
]
∈ Gn such that a ∈ Gm, b ∈ Mm,n−m(F) and d ∈ Gn−m. Put Wm = W ∩
Pm which is the subgroup of Sn consisting of the σ ∈ Sn such that σ {1, 2, . . . ,m} =
{1, 2, . . . ,m}. The the coset space W/Wm is represented by the set consisting of the σ ∈ Sn
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such that
σ(1) < σ(2) < · · · < σ(m) , σ (m + 1) < σ(m + 1) < · · · < σ(n) .
For such σ ∈ Sn, the coset Wlσ contains the element
σk =
⎡
⎢⎢⎣
1k 0 0 0
0 0 1l−k 0
0 1m−k 0 0
0 0 0 1n−l−m+k
⎤
⎥⎥⎦
corresponding to the permutation
(
1, . . . , k, k + 1, . . . , m ,m + 1, . . . ,m + l − k ,m + l − k + 1, . . . , n
1, . . . , k, l + 1, . . . , l + m − k, k + 1, . . . , l ,m + l − k + 1, . . . , n
)
where k is the number of elements in the intersection σ {1, 2, . . . ,m} ∩ {1, 2, . . . , l} and so
we have
Max{0, l + m − n} ≤ k ≤ Min{l, m}.
Note that σk = 1n if k = Min{l, m}. Now we have the Bruhat decomposition
Gn =
Min{l,m}⊔
k=Max{0,l+m−n}
PlσkPm . (3)
2.3. The purpose of this subsection is to prove the following proposition which is a
special case of our proposition 2.1.1:
PROPOSITION 2.3.1.
∑
g∈Gn τ
(
tr
(
g
[
1r 0
0 0
]))
=(−1)rqn(n−1)/2 ∏n−ri=1 (qi − 1)
for 0 ≤ r ≤ n. Here we put ∏ji=1(qi − 1) = 1 if j = 0.
The case r = n is well-known. For the sake of completeness, we will show it first.
The case n = 1 is obvious, so we suppose n > 1. By the Bruhat decomposition
Gn = Pn−1 ∪ Pn−1σPn−1 σ =
⎡
⎣
1
1n−2
1
⎤
⎦ ,
we have∑
g∈Gn
τ(tr g) =
∑
g∈Pn−1
τ (tr g) + |Pn−1||Pn−1 ∩ σPn−1σ−1|−1
∑
g∈Pn−1
τ (tr(σg))
and the second sum is equal to 0 because it contains a summation over F of a non-trivial
additive character. So we have a recursion formula∑
g∈Gn
τ(tr g) = −qn−1
∑
g∈Gn−1
τ (tr g)
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because
∑
x∈F× τ (x) = −1. Thus Proposition 2.3.1 in the case r = n is proved. Now let
us prove the case r < n. If r = 0, then Proposition 2.3.1 is obvious because
|Gn| = qn(n−1)/2
n∏
i=1
(qi − 1) .
Suppose r > 0. By the Bruhat decomposition (3) with l = m = r , we have
∑
g∈Gn
τ
(
tr
(
g
[
1r 0
0 0
]))
=
r∑
k=Max{0,2r−n}
∑
g∈PrσkPr
τ
(
tr
(
g
[
1r 0
0 0
]))
.
Suppose k < r . Then
∑
g∈PrσkPr
τ
(
tr
(
g
[
1r 0
0 0
]))
=|Pr ∩ σkPrσ−1k |
∑
g,h∈Pr
τ
(
tr
(
gσkh
[
1r 0
0 0
]))
= 0
because for g =
[
g1 g12
0 g2
]
, h =
[
h1 h12
0 h2
]
∈ Pr with g1, h1 ∈ Gk, we have
tr
(
gσkh
[
1r 0
0 0
])
= tr(g ′12h′′1)
where g ′12 is the first r − k columns and h′′1 is the last r − k rows and such a summation
contains the summation over F of a non-trivial additive character. So we have
∑
g∈Gn
τ
(
tr
(
g
[
1r 0
0 0
]))
=
∑
g∈Pr
τ
(
tr
(
g
[
1r 0
0 0
]))
= |Gn−r |qr(n−r)
∑
g∈Gr
τ (tr g)
by which the proof of Proposition 2.3.1 is completed.
2.4. For later use, we show the following proposition:
PROPOSITION 2.4.1. M(r)l,m(F) = |Gr |
(
l
r
)
q
(
m
r
)
q
.
This proposition combined with the fact |Gr | = qr(r−1)/2 ∏ri=1(qi − 1) and the equa-
tion
∑Min{l,m}
r=0 M
(r)
l,m(F) = Ml,m(F) = qlm gives the following formula of which we will
use later
Min{l,m}∑
r=0
qr(r−1)/2
r∏
i=0
(qi − 1) ·
(
l
r
)
q
(
m
r
)
q
= qlm . (4)
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The proof of the proposition is easy; the direct productGl×Gm acts on the set M(r)l,m(F)
transitively by (g, h) · X = gXh−1, and the isotropy subgroup of
[
1r 0
0 0
]
∈ M(r)l,m(F) is
H
(r)
l,m =
{([
g1 g12
0 g2
]
,
[
h1 0
h21 0
])
∈ Gl × Gn | g1 = h1 ∈ Gr
}
and its order is given by
|H(r)l,m| = ql(l−1)/2−m(m−1)/2−r(r−1)/2
l−r∏
i=1
(qi − 1)
m−r∏
i=1
(qi − 1)
r∏
i=1
(qi − 1) . (5)
So the equation M(r)l,m(F) = |Gl||Gm|/|H(r)l,m| gives proposition 2.4.1.
2.5. For integers 0 ≤ l, m ≤ n, let us denote by N(r)l,m(Gn) the number of g ∈ Gn such
that the rank of
[
1l 0
0 0
]
g
[
1m 0
0 0
]
∈ Mn(F) is equal to r . Then we have the following
formula:
PROPOSITION 2.5.1. N(r)l,m(Gn) = 0 only if Max{0, l + m − n} ≤ r ≤ Min{l,m}.
In this case N(r)l,m(Gn) is equal to
qr(n−l−m+r)+n(n−1)/2
(
l
r
)
q
(
m
r
)
q
∏n−l
i=1(qi − 1)
∏n−m
i=1 (qi − 1)
∏r
i=1(qi − 1)∏n−l−m+r
i=1 (qi − 1)
.
This proposition combined with the equation
∑Min{l,m}
r=0 N
(r)
l,m(Gn) = |Gn| gives the
formula (1).
Let us prove the proposition. By Bruhat decomposition (3), the number N(r)l,m(Gn) is
equal to
Min{l,m}∑
k=Max{0,l+m−n}
|Pl ∩ σkPmσ−1k |−1
× 
{
(g, h) ∈ Pl × Pm | rank
[
1l 0
0 0
]
gσkh
[
1m 0
0 0
]
= r
}
.
The subgroup Pl ∩ σkPmσ−1k consists of the⎡
⎢⎢⎣
g1 g12 g13 g14
0 g2 0 g24
0 0 g3 g34
0 0 0 g4
⎤
⎥⎥⎦ ∈ Gn
such that g1 ∈ Gk, g2 ∈ Gl−k, g3 ∈ Gm−k, g4 ∈ Gn−l−m+k . So we have
On a Spherical Function of a Supercuspidal Representation of GLn(F) and its Fourier Transform 285
|Pl ∩ σkPmσ−1k | = ql(l−1)/2+m(m−1)/2−k(k−1)/2+(n−l−m+k)(n+l+m−k−1)/2
×
l−k∏
i=1
(qi − 1)
m−k∏
i=1
(qi − 1)
k∏
i=1
(qi − 1)
n−l−m+k∏
i=1
(qi − 1) . (6)
On the other hand, for g =
[
g1 g12
0 g2
]
∈ Pl (g1 ∈ Gl) and h ∈ Pm, we have
rank
[
1l 0
0 0
]
gσkh
[
1m 0
0 0
]
= rank
[
1l g−11 g12
0 0
]
σk
[
1m 0
0 0
]
.
Finally for x =
[
x1 x12
x21 x2
]
∈ Ml,n−l (F), we have
rank
[
1l x
0 0
]
σk
[
1m 0
0 0
]
= rank
[
1k
0 x21
]
.
So the number

{
(g, h) ∈ Pl × Pm | rank
[
1l 0
0 0
]
gσkh
[
1m 0
0 0
]
= r
}
(7)
is non-zero only when Max{0, l+m−n} ≤ k ≤ r ≤ Min{l,m}, and in this case the number
(7) is equal to
|Gl ||Gn−l ||Gm||Gn−m|qm(n−m)+k(n−l)+(l−k)(n−l−m+k) × M(r)l−k.m−k(F) .
This formula combined with (6) gives
N
(r)
l,m(Gn) = qn(n−1)/2
n−l∏
i=1
(qi − 1)
n−m∏
i=1
(qi − 1)
r∏
i=1
(qi − 1)
(
l
r
)
q
(
m
r
)
q
×
Min{l,m}∑
k=Max{0,l+m−n}
q(r−k)(r−k−1)/2
(
r
k
)
q
n−l−m+k∏
i=1
(q − i − 1)−1 .
Now we have
Min{l,m}∑
k=Max{0,l+m−n}
q(r−k)(r−k−1)/2
(
r
k
)
q
n−l−m+k∏
i=1
(q − i − 1)−1
=
Min{r,n−l−m+r}∑
k=0
qk(k−1)/2
(
r
k
)
q
(
n − l − m + r
k
)
q
k∏
i=1
(qi − 1) = qr(n−l−m+r)
by the formula (4), and this completes the proof of Proposition 2.5.1.
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2.6. With these preparations, the proof of Proposition 2.1.1 is easy. We have
∑
X∈M(l)n (F)
τ
(
tr
(
X
[
1m 0
0 0
]))
= |H(l)n,n|−1
∑
g,h∈Gn
τ
(
tr
(
g
[
1l 0
0 0
]
h
[
1m 0
0 0
]))
= |H(l)n,n|−1
Min{l,m}∑
r=0
N
(r)
l,m(Gn)
∑
g∈Gn
τ
(
tr
(
g
[
1r 0
0 0
]))
.
Then the formula (5) and Propositions 2.3.1 and 2.5.1 gives
∑
X∈M(l)n (F)
τ
(
tr
(
X
[
1m 0
0 0
]))
= ql(l−1)/2
(
n
l
)
q
Min{l,m}∑
r=Max{0,l+m−n}
(−1)r
(
n
r
)−1
q
(
l
r
)
q
(
m
r
)
q
(
n − m
l − r
)
q
× qr(n−l−m+r)
l−r∏
i=1
(qi − 1) .
Then the formula of q-binomial coefficients
(
n
l
)
q
(
l
r
)
q
=
(
n
r
)
q
(
n − r
l − r
)
q
gives the required formula of Proposition 2.1.1.
3. Spherical function of supercuspidal representations
3.1. Let F be a non-archimedean local field. The integer ring and its unique maximal
ideal are denoted by OF and p respectively. The residue class field F = OF/p is a finite
field of q elements.
G = GLN(F) is a locally compact unimodular group, and its open compact subgroup
K = GLN(OF ) is a maximal compact subgroup of G. Let δ be an irreducible complex
representation of a finite group GLN(F) with a representation space Vδ . By means of
the reduction modulo p mapping K → GLN(F), we will identify δ with an irreducible
representation of K . Let χ : Z(G) = F× → C× be a continuous character such that
χ(t) = δ(t) for all t ∈ O×F = K ∩ Z(G), and define a representation σ = χ · δ of
H = Z(G) · K on Vδ by σ(tk) = χ(t)δ(k) (t ∈ Z(G), k ∈ K). If δ is a cuspidal
representation of GLN(F), then the compact induction π = indGH(σ) is an irreducible
supercuspidal representation of G, and the restriction π |K contains δ with multiplicity one
([1], a quite readable exposition is given in [5]).
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The representation space of π , which is also denoted by indGH (σ), consists of the Vδ-
valued smooth functions ϕ on G such that ϕ(xh) = σ(h)−1ϕ(x) for all h ∈ H and the
support supp(ϕ) is compact modulo H . The action of g ∈ G on ϕ ∈ indGH (σ) is defined by
the left translation (π(g)ϕ)(x) = ϕ(g−1x). For any v ∈ Vδ, let us denote by ϕv a Vδ-valued
function on G defined by
ϕv(x) =
{
σ(x)−1v : if x ∈ H ,
0 : otherwise.
Then v → ϕv gives an injective K-module homomorphism Vδ → indGH(σ). Let (δ∨, V ∨δ )
be the contragradient representation of (δ, Vδ) and put σ∨ = χ−1 · δ∨. Since the groups
G and H are unimodular, the coset space G/H has unique G-invariant measure dG/H(x˙).
Since the coset space G/H is discrete, because H is an open subgroup of G, the G-invariant
measure dG/H (x˙) can be normalized so that the integral over G/H with respect to the
measure dG/H (x˙) is the summation over G/H .
A non-degenerate pairing between ϕ ∈ indGH (σ) and φ ∈ indGH(σ∨) is defined by
〈ϕ, φ〉 =
∫
G/H
〈ϕ(x), φ(x)〉dG/H (x˙) =
∑
x˙∈G/H
〈ϕ(x), φ(x)〉
by which indGH (σ∨) is identified with the contragradient representation of π = indGH(σ).
Now the matrix coefficient 〈π(g)ϕv, ϕα〉 for v ∈ Vδ and α ∈ V ∨δ is
〈π(g)ϕv, ϕα〉 =
∑
x˙∈G/H
〈ϕv(g−1x), ϕα(x)〉
= 〈ϕv(g−1), α〉
=
{
〈σ(g)v, α〉 if g ∈ H ,
0 otherwise.
(8)
For a C-basis {v1, . . . , vd } of Vδ, take a αj ∈ V ∨δ such that 〈vi, αj 〉 = δij . Then the
spherical trace function Ψπ,δ of π with respect to the K-type δ is
Ψπ,δ(g) =
d∑
i=1
〈π(g)ϕvi , ϕαi 〉
=
{
χ(t) · χδ(k) if g = tk ∈ H with t ∈ Z(G), k ∈ K ,
0 otherwise
(9)
where χδ(k) = tr δ(k) is the character of δ.
3.2. Let us recall the character formula of the irreducible cuspidal representation of
GLN(F) due to [3].
Let K/F be the field extension of degree N and ψ a group homomorphism of the
multiplicative groupK× to the multiplicative groupC×. The character ψ is called primitive
if ψσ = ψ for any 1 = σ ∈ Gal(K/F), where we put ψσ (x) = ψ(σ(x)).
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Take an element g ∈ GLN(F) and suppose that the characteristic polynomial of g is
a power p(t)e of an irreducible polynomial p(t) ∈ F[t] (in this case g is called primary).
The roots {αi}i=1,...,d (d = deg p(t)) of p(t) are contained in K×, and we put
ψ(p(t)) =
d∑
i=1
ψ(αi ) .
On the other hand the invariant factors of t1N − g are
{p(t)e1 , pe2 , . . . , p(t)er , 1, . . . , 1}
with e1 ≥ e2 ≥ · · · ≥ er > 0, e1 + e2 + · · · + er = e. Then we put
fr(t) =
{
1 if r = 1 ,∏r
i=1(1 − t i ) if r > 1 .
Finally we put
χψ(g) =
{
(−1)N−1ψ(p(t)) · fr (qdegp(t)) if g is primary,
0 if g is not primary.
Then we have the following theorem proved by [3].
THEOREM 3.2.1. The characters of the irreducible cuspidal representations of
GLN(F) are exhausted by χψ with all primitive ψ .
3.3. Let τ : F → C× be a continuous additive character such that τ |p is trivial and τ |OF
is not trivial, that is, τ |OF induces a non-trivial additive character of F = OF/p. Let (l,m)
be a composition of N , and consider the function fπ,δ(X) (X ∈ Ml,m(F )) and its Fourier
transform f̂π,δ(Y ) (Y ∈ Mm,l(F )).
If g ∈ GLN(F) is of the form g =
[
1l X
0 1m
]
with X ∈ Ml,m(F) of rank r , then the
characteristic polynomial of g is (t − 1)N so that g is primitive in the sense of the previous
subsection. The invariant factors of t1N − g are
(t − 1)2, . . . , (t − 1)2︸ ︷︷ ︸
r
, t − 1, . . . , t − 1︸ ︷︷ ︸
N−2r
, 1, . . . , 1︸ ︷︷ ︸
r
.
Then theorem 3.2.1 gives the character formula
χδ(g) = (−1)N−1
N−r−1∏
i=1
(1 − qi) = (−1)r
N−r−1∏
i=1
(qi − 1) .
So we have
f̂π,δ(Y ) =
Min{l,m}∑
r=0
(−1)r
N−r−1∏
i=1
(qi − 1)
∑
X∈M(r)l,m(F)
τ (−tr(XY )) (10)
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for Y ∈ Mm,l(F). On the other hand we have f̂π,δ(0) = 0 since δ is a cuspidal represen-
tation of GLN(F) which means that there is no non-zero vector in the representation space
of δ that is invariant under the action of unipotent subgroup
{[
1l X
0 1m
]
∈ GLN(F)
}
.
So we have
Min{l,m}∑
r=0
(−1)r
N−r−1∏
i=1
(qi − 1) · M(r)l,m(F) = 0 .
This formula combined with Proposition 2.5.1 gives the formula (2).
3.4. Now will prove the theorem 1.4.2. The function f̂π,δ(Y ) (Y ∈ Mn(F)) depends only
on the rank of Y . The formula (10) is then
f̂π,δ
([
1m 0
0 0
])
=
n∑
l=0
(−1)lSl,m(q) (0 ≤ m ≤ n)
Sl,m(q) =
2n−l−1∏
i=1
(qi − 1)
∑
X∈M(l)n (F)
τ
(
tr
(
X
[
1m 0
0 0
]))
Proposition 2.1.1 gives
Sl,m(q) =
Min{l,n−m}∑
r=Max{0,l−m}
S
(r)
l,m(q)
where S(r)l,m(q) is a polynomial of q of degree
n(2n − 1) + r(2n − 2m + 1 − r)
2
− nl
which is smaller than n(2n − 1) = degS0,m(q) if l = 0. In fact, if r ≤ l ≤ n − m then
r(2n − 2m + 1 − r)
2
≤ l(2n − 2m + 1 − l)
2
< nl
since l > 0, and if r ≤ n − m ≤ l then
r(2n − 2m + 1 − r)
2
≤ (n − m)(n − m + 1)
2
< n(n − m) ≤ nl .
So
∑n
l=0(−1)lSl,m(q) is not zero as a polynomial of q . This complete the proof of Theorem
1.4.2.
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